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Abstract 

We consider the most general string configurations on the R t x S 3 subspace of AdS 5 x S 5 , 
described by the Neumann- Roso chat ius integrable system. Under some restrictions on the 
parameters of the solution and in an appropriate limit, they correspond to small deviation 
from the known finite-size giant magnon solutions with one and two angular momenta. 
Analyzing the finite-size effect on the dispersion relation, we find that the leading correction 
is modified in a way similar to the 7-deformed case R t x S 3 . The sub leading correction for a 
string with one angular momentum is also found. It depends on the same parameter, which 
describes the generalization of the leading correction. 



1 Introduction 



The AdS/CFT duality [T] has become a major subject of investigations in contemporary 
high energy physics. The most developed part of this correspondence is between type IIB 
string theory on AdS§ x S 5 and M = 4 super Yang-Mills (SYM) in four dimensions. Recent 
developments in this direction are mainly based on the integrable structures discovered in 
both theories. 

Integrability on the SYM side appears in the calculations of conformal dimensions, which 
are related to the string energies according to the AdS/CFT correspondence. The remarkable 
observation by Minahan and Zarembo |2J is that the conformal dimension of an operator 
composed of the scalar fields in M = 4 SYM, in the planar limit, can be computed by 
diagonalizing the Hamiltonian of one-dimensional integrable spin chain. This result has 
been further extended to the full PSU{2,2\4) sector [3] and the Bethe ansatz equations 
which are supposed to hold for all loops have been conjectured [U [5]. 

The type IIB string theory on AdSc, x S 5 is described by a nonlinear sigma model with 
PSU(2, 2|4) symmetry [6J. This sigma model has been shown to have an infinite number of 
local and nonlocal conserved currents [7] , and some of the conserved charges such as energy 
and angular momenta have been computed explicitly from the classical integrability. These 
results based on the classical integrability provide valuable information on the AdS/CFT 
duality in the domain of large t'Hooft coupling constant. 

Various classical string solutions played an important role in testing and understanding the 
AdS / CFT duality in the case under consideration. The classical giant magnon [8] discovered 
in R t x S 2 gave a strong support for the conjectured all-loop SU(2) spin chain and made it 
possible to get a deep insight in the AdS/CFT duality. In addition, this solution is related 
to the integrable sine-Gordon model. It was extended to the dyonic giant magnon, which 
corresponds to a string moving on R t x S 3 and related to the complex sine-Gordon model 
0, [TO]. Further extensions to AdS 5 x S 5 have been also worked out [TI] [T2"l [T5| IT4] . 

The reduction of the classical string dynamics to the Neumann-Rosochatius (NR) inte- 
grable system [T5], [161 ED] > has proved to be an useful tool for describing a large class of string 
solutions on AdS$ x S 5 and other backgrounds, including giant magnons and spiky strings. 
It can be used also for studding the finite-size effects, related to the wrapping interactions 
in the dual field theory [T7] . 

The finite-size effect for the giant magnon has been computed from the S'-matrix in [17] 
and has been shown to be consistent with the classical string result to the leading order. The 
finite-size effect for the giant magnon has been first found by solving the string sigma model 
in a uniform and conformal gauges [H] and, subsequently, many related results, such as 
gauge independence [19] , multi giant magnon states [20] and quantization of finite-size giant 
magnon |21j, have been derived. This result has been also related to explicit solutions of the 
sine-Gordon equation in a finite-size space [22]. The dispersion relation for the finite-size 
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dyonic giant magnon was obtained in [23J. 



In this article, we will consider string configurations on the R t x S 3 background, which 
depend on one more parameter, compared to infinite or finite-size giant magnons with one or 
two angular momenta. Our aim is to find the corresponding generalizations of the finite-size 
corrections to the dispersion relations. To this end, in section 2 we introduce the classical 
string action on R t x S 3 and the corresponding NR system. In section 3 we compute the 
conserved quantities and angular differences of interest. In section 4 we obtain the dispersion 
relation for the finite-size dyonic string up to the leading order. Section 5 is devoted to the 
derivation of the subleading correction to the energy-charge relation for the finite-size string 
with one nonzero angular momentum. We conclude the paper with some remarks in section 
6. Appendix A contains information about the elliptic integrals appearing in the calculations, 
the e-expansions used and the solutions for the parameters. 



2 Strings on R t x S* 3 and the NR Integrable System 

Here we will briefly remaind how the string dynamics on R t x S 3 can be reduced to the one 
of the NR integrable system |15l [16j [H]. We begin with the Polyakov string action 

S P = ~ [ d 2 £V=77° 6 G a6 , G ab = g MN d a X M d b X N , (2.1) 



2 „ 

d a = d/de, a, b = (0, 1), e) = (r, a), M, N = (0, 1, . . . , 9), 

and choose conformal gauge r y ah = r] ab = diag(— 1,1), in which the Lagrangian and the 
Virasoro constraints take the form 

C s = | (Goo - G n ) (2.2) 
G 00 + G n = 0, G„i = 0. (2.3) 

We embed the string in Rt x S 3 subspace of AdS 5 x S 5 as follows 

2 

Z Q = Re it{T ' a) , Wj = Rr-j (r, a)e^ (r ' a) , ^ Wj W j = R 2 , 

3=1 

where R is the common radius of AdS§ and S 5 , and t is the AdS time. For this embedding, 
the metric induced on the string worldsheet is given by 
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G ab = -d {a Z d b) Z Q + ^dtaWjdqWj = R 

i=i 

The corresponding string Lagrangian becomes 

C = C S + A S [5>f-l 

\j=i 

2 



2 

-d a td b t + ^2 (darjd b rj + rfdafadbfa) 

3=1 



where A s is a Lagrange multiplier. In the case at hand, the background metric does not 
depend on t and <fij. Therefore, the conserved quantities are the string energy E s and two 
angular momenta Jj, given by 

J d(d t) J d{d <f>j) 



In order to reduce the string dynamics to the NR integrable system, we use the ansatz 



t(r,a) = KT, rj(r,a) = r i (£), (t>j(r, a) = ujjt + 
£ = aa + (3t, k, cjj, a, (3 = constants. 



(2.5) 



It can be shown that after integrating once the equations of motion for fj, which gives (prime 
is used for d/d^) 



i 



3 a 2 — (3 2 \ r 2 

one ends up with the following effective Lagrangian for the coordinates Tj 

. „.r> . _ / 9 

1 



c 4 



+ (3ojj ) , Cj — constants, 



(2.6) 



L NR = (a 2 - /3 2 ) J2 
i=i 



.12 



3 , 2 2 2 

■3 ( a 2 -f3 2 ) 2 \ r 2 33 



(2.7) 



This is the Lagrangian for the NR integrable system [UJ . 



The Virasoro constraints (12. 3p give the conserved Hamiltonian H^r and a relation between 
the embedding parameters and the integration constants Cf 



H NR = (a 2 - (3 2 ) 



3=1 



■i ( a 2 - (3 2 ) 2 V r 2 



fi2 

3 i 2 2 2 

+ a u: J r j 



a 2 + (3 2 
a 2 -f3 2 



^uijCj + /3k 2 = 0. 

3=1 

On the ansatz ( 12. 5p . E s and Jj defined in ( 12. 4ft take the form 



n 2 , (2.8) 



(2.9) 



E x 



27T a 



y/X 1 

2tt a 2 - 



r ( p 



(2.10) 



where we have used that the string tension and the 't Hooft coupling constant A in the dual 
TV = 4 SYM are related by 



TR 2 



2vr ' 
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3 Conserved Quantities and Angular Differences 



If we introduce the variable 



1 2 2 

x = 1 -r x =r a , 



and use (I2.9p . the first integral (I2.8P can be rewritten as 

, 2 _ 4a; 2 (1 -u 2 ) f 3 2-(l+t; 2 )iy-n 2 2 
X ~ ct 2 (l -i; 2 ) 2 \~ X + l"^ 2 X 

1 - (1 + w 2 )Vr + [(vW - uKf - K 2 ] fsT 2 



-x 



1 — V? 1 — tt^ 

4w 2 (l - m 2 " 1 



(xp-x)(x-Xm)(x-Xn), (3.r 



2\2 VAP 



where 



a 2 (l -w 2 ) 



/5 W 2 / « V r . C 2 



v = --, it = — W = — , AT 

a coi \uji J au\ 

We are interested in the case when 

< Xm < X < Xp < !) Xn < 0. 

The three equations following from (13.11) are 

2-(l + v 2 )W -u 2 



Xp "I" Xm "I" Xr, 



1-U 



2 



l-{l+v 2 )W + {yW -uKf-K 2 o ) 

XpXm XvXn XmXn Z 9 5 V^'^J 

1 — IT 

K 2 

XpXmXn Z n- 

1 — IT 

We will use them essentially to find the dispersion relations for the string configurations 
under consideration. 

Correspondingly, the conserved quantities (I2.10p transform to 



^ a J_ r y/\ U 2 J Xm ^(X P -X)(X~ Xm){X ~ Xn) ' 

Jl = A = 1 [ XP [l-v(vW-uK)- X } d X (3 3) 

y/l ~ U 2 J Xm y/(Xp -X)(X- Xm)(X ~ Xn) ' 

Ji 1 f Xp (ux - vK) dx 



J2 = 

^ Vl - U 2 J Xm ^(Xp -X)(X~ Xm)(X - Xn) 
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Computing the angular differences 

p = A0i = (j) X {r) - 0i(-r), p = A0 2 = </> 2 (r) - 2 (-r), (3.4) 

one finds 

p = r ^ = i r _ v \ "x (3 . 5) 

•/-r Vl-« 2 ix m \ 1 ~X J a/(Xp - X)(X - Xm)(X - Xn) 

P = / d£f 2 = 7z / uv) ==. (3.6) 



VI - M 2 ixm VX / V(Xp - XXX - Xm)(X - Xn) 

By using the formulas for the elliptic integrals given in Appendix A, we can rewrite ( 13. 3p . 
(13. 5 p and (13. 6p in their final form 

, 2 (1 -,W^ , T ^ 

Vl - ^VXp - Xn 

2 / 1 - u (wVT - uHf) - 



Ji = h^=2 , K a - e ) - Vx^x^E(i - e ; 

Vl - ^ 2 V VXp - Xn 

^ = 7^ ( Mv ^^E(l - e) - V -^=^K(l - e)) , 

Vl-« V VXp - Xn J 

p= , 2 e V,K(l-e) 

Vl - U 2 y/Xp - Xn V 1 - Xp V 1 - Xp / 

p = - - (— n f 1 - - e) - wK(l - e) 



(3.7) 



Vi - tt 2 Vx P - Xn VXp V Xp 
4 Finite-Size Dyonic String 

In order to find the leading finite-size correction to the energy-charge relation for the string 
with two angular momenta (dyonic string), we have to consider the limit e — > in (13.21) and 
(13. 7p . The behavior of the complete elliptic integrals in this limit is given in Appendix A. 
For the parameters in the solution, we will use the ansatz 

Xp = Xpo + (Xpi + Xp2 log(e)) e, 

Xm Xml^i 
Xn Xnl£) 

v = v + (vi + v 2 log(e))e, (4.1) 
u = u + (ui + u 2 log(e))e, 
W = 1 + W x e, 
K = K x e. 



5 



Replacing (14. ip into (13. 21) . one finds four equations for the coefficients in the expansions of 
X P and Xm- They are solved by 



2 ■ 





+2(1 - v 2 - ul) (v u oUl + (1 - u 2 ) Vl ) + u (l - u 2 Q )(l - vl - 2u 2 1 )Wi)] , (4.2) 
2v (w MoM2 + (1 - ul)v 2 ) 



X P 2 



:i-^) 2 



2VQU0K! + (1 - v 2 ) W x 



Xml 1 9 9 Xnl- 

1 — vA — ui 



As a next step, we impose the condition p to be finite. It leads to the relation 



p = arcsin ( Wj^jz^ ) , (4 . 3 ) 

1 Mn 



'0 

as well as to four equations for the parameters involved. 

From the requirement 3% to be finite, one derives the equality 



j2 = WH-^ (44) 

1 -u 2 

and two more equations. 

The equations (14.31) . (14.41) are solved by 

sin(p) J 2 
v / l 7 2 2 + 4sin 2 (p/2) v / l 7 2 2 + 4sin 2 (p/2) 

After the replacement of (14.21) into the remaining six equations, one finds that one of them is 
satisfied identically, while the others can be solved with respect to Vi, t> 2 , Ui, u 2 , Wi, leading 
to the following form of the energy-charge relation in the considered approximation 



£ ~ J ^ l-ul 2(1 -ttg) (4-6) 

To the leading order, the expansion for J7i gives 



2-gL + Jiy/T 



16exp| ^ - ' °—^\. (4.7) 
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By using ( 14. 5ft and (14. 7ft . (14. 61) can be rewritten as 

e _ Jx . i m , , ^^/on 16sin 2 (p/2) (sin 2 (p/2) + 2 X „i) 



exp 



J" 2 + 4 sin 2 (p/2) - 

V^ + 4 8in 2 (p/2) 

2 fji + v / l 7 2 2 + 4sin 2 (p/2)) V^ 2 2 + 4sin 2 (p/2)sin 2 (p/2) 



(4- 



J? + 4sin 4 (p/2) 



Thus, the new parameter in the dispersion relation is xm (x-n — Xmt), reflecting the fact 
that we are considering more general string solution. For Ji = 0, (14. 8 j) simplifies to 



S- Ji = 2sin| 



I - I .sin 2 ^ • 2\„ ; V 



(4.9) 



If we set Xni = 0, (14.91) reduces to the finite-size giant magnon dispersion relation first found 
in [18], while ( I4.8P reproduces the result of [23] . 



Now, we are going to show how the equalities (14.91) and (14.81) can be related to the ones 
found for giant magnons in TsT-transformed AdS§ x S 5 in [21] and [25] respectively. To this 
end, let us consider the leading term in the expansion for the angular difference p 



P 



2K X 



Xnl V 1 - Vl - U 2 Q + (1 - ul)Xnl 1 - Vl - U 2 



(4.10) 



x arctan 



;i - ul)xn\ 



u v 



1 - V l - U l + (1 - ul)Xnl y/T 

If instead of Xni we introduce the angle $ as 



l0g (l^ 



arctan 



(1 - uDxni 



1 - -y 2 - u 2 + (1 - «5)xni 



(4.11) 



this gives 



Xnl 



1 ''n "o ., -j 



sin 2 ($/2) = -sin 2 Qo/2) sin 2 ($/2), 



(4.12) 



and the first term in (I4.10p takes the form 

2Ki(1-m 2 ) 



[l-vl-u 



~~ u 0) 



$ CSC $. 



(4.13) 



If we impose the natural condition (14. 13f) to be an angle proportional to the angle $, this 
gives 



_ (1 _ ? ;2 _ ? ,2N3/2 



sin 4 (p/2) 



v / l 7 2 2 + 4sin 2 (j 5 /2) 



sin $, 



(4.14) 



where A does not depend on $. In the approximation under consideration, we do not see 
any criterion to fix the parameter A. However in the next section, we will show that A = ±1 
must be fulfilled. As a result, the relation between the angles p and $ becomes 



Ji+ y/J 2 2 + 4sin 2 (p/2) . 
P + J * ^ + 4sin^/2) Sm{p) 



±$. 



(4.15) 



In accordance with (14.121) . the dispersion relation (14 .8p takes the form 

16sin 4 (p/2) 



S-Ji 



J 2 2 + 4sin 2 (p/2) 



: COS $ 



exp 



v/j 2 2 + 4sin 2 (p/2) 
2 (j x + v / l 7 2 2 + 4sin 2 (p/2)) v / l 7 2 2 + 4sin 2 (p/2)sin 2 (p/2) 



l 7 2 2 + 4sin 4 (p/2) 



(4.16) 



which is the same as in |25j. For J 2 = 0, ( 14.161) reduces to the form found in 



5 Subleading Correction 



Here our aim is to obtain the subleading correction to the dispersion relation of a string with 
one angular momentum J7i, i.e. to (14. 9p . Now, we will use the following expansions for the 
parameters 

X P = X P o + (x P i + X P 2 log(e)) e + (x P 20 + X P 2i log(e) + x P 22 log 2 (e)) e 2 , 

Xra = Xmlt + (Xm20 + Xm21 log(e)) € 2 , 
Xn = Xnie + (X„20 + Xn21 log(e)) e 2 , 

v = v + («! + w 2 log(e)) e + (w 20 + v 2 i log(e) + v 22 log 2 (e)) e 2 , (5.1) 
u = (m + u 2 log(e)) e + (u 20 + «2i log(e) + u 22 log 2 (e)) e 2 , 
W = l + W l e + (W 20 + W 21 log(e)) e 2 , 
AT = ATie + (^20 + #21 log(e)) e 2 , 

where uq is set to zero in accordance with ( 14.51) . 

Replacing (15.11) into (I3.2p . one finds that one of the equations leads tc0 

K\ = iy— XpoXmiXni- 

further on, we will use the plus sign. We point out that the dispersion relation does not depend on this 
sign. 
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The solutions of the remaining nine equations are 

Xp0 = 1-Vq, Xpl = -Vq (2V 1 + VqW^ , X P 2 = -2v V 2 , Xml = -Wi - Xnl, 



Xp20 — 



l-vl 



[v{ + v (2 (1 - vl) ( Vl W x + v 20 ) - v% (u\ + W 20 ) 



- 2U IS J (I-Vl) Xnl (W 1 +Xnl)+ V {u\ ~ v{ + W 20 + X nl (W 1 + Xnl)) 

1 



Xp21 



[- (l - vl) (2v v 2 W 1 + 2v\V 2 + V (2vqUiU 2 + 2v 2 i + VqW 2 i) , 



+ 2VqU 2 sJ (1 - vl) Xnl (Wi + Xnl) 



X P 22 = - (vluj + vl + 2v v 22 ) , 

Xm20 = ~ l — [(1 - Vq) (W 20 + Xn20) ~ V^Xnl (Wi + Xnl) 



1-vl 



+2V U! sj(l -vl)Xnl (W l + Xnl) 

(1 - vl) (W 21 + Xn2l) + 2v Q U 2 sJ(l-vl)Xnl (W 1 + X nl) 



Xm21 



1-vl 



where 



K l = yJ{l-vl)Xnl{W l + Xnl). 



From the condition p to be finite, we obtain 



p = arcsin (^2vq\J 1 — vj^J , 



solved by 



p 

v = cos-, 



and nine more equations as well. Three of them can be solved independently, leading to 

vi = ^v (l-t; 2 + 2x„i)(l-log(16)), 

V2 = ^V (l - vl + 2Xnl) , 



W 1 = - (1 



2Xnl) ■ 



Our next condition J 2 — 0, gives 

v K : 



ui = - 2-log(4), u 2 

1 — vf 



VqK-l 



2(1 -vlY 
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where 

Kl = \J ~ {I ~ Vl) {I - V 2 Q + Xnl) XnU 

and another three equations. Thus, a system of nine equations remains to be solved, using 
the results obtained so far. It turns out that one of them is satisfied identically, while the 
others can be solved with respect to t^o, U2i ? ^22, ^20, W21, ^22, W20, W 2 \- 

The parameters Xn2o, Xn2i, K20, K21, are still undetermined. To fix them, let us consider 
the expansion for the angular difference p. To the leading order, we have 



p = 2 arctan ' ^ " 



solved by 



and leading to 



1 - ^0 + Xm ' 



/1 2\ ■ 2 P ■ 2 P ■ 2 P 

Xm = -(1 -v )sm - = -sm -sin -, 



1 . J) 

Ki = - sin 3 - sin p. (5.2) 

2 2 



Comparing (I5.2j) with (14. 141) taken at J" 2 = 0, one finds A = 1, p — $ (see also (14. 15ft ). 

Now, we impose the condition the equality p = $ to be valid in the subleading order also. 
This gives four equations, which can be solved with respect to Xn2o, Xn2i, K 2 q and K 2 \. The 
solutions for all parameters in their final form are given in appendix A. 

Replacing all solutions for the parameters appearing in the expansion for £ — J\ , we find 
the following dispersion relation up to the subleading order correction 

£- Jx = 2sin| (l-4cosp sin 2 ^e~ 2 - JlCSC ^ (5.3) 

f P 

— |4 sin 3 - [13 + 9 cosp + 16 cosp + (1 + 3 cosp) cos 2p 
—64 (1 — log 2) log 2(1 + cosp) sin 2 p] 

+AJi (3 — 2 cosp — log 16 + (log 16 — 1) (cos2p + 2 cos2p sin 2 p)) 
-16Ji 2 sin| cos 2 | cos2p}e- 4 - 2 ^ csc i, 

where p ^ 0, describes the deviation of the energy-charge relation corrections from the 
ordinary giant magnon case. This is our final result for a finite-size string with one (large) 
angular momentum. 
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6 Concluding Remarks 



In this paper we considered the most general string configurations on the R t x S 3 subspace 
of AdS$ x S 5 , described by the NR integrable system. Imposing appropriate conditions on 
the parameters involved, we restrict ourselves to string solutions, which contain as particular 
cases the finite-size giant magnons with one and two angular momenta. Taking the limit in 
which the modulus of the elliptic integrals is close to one, we found the corrections to the 
dispersion relations. For the dyonic string, this is done to the leading order. For the string 
with one nonzero angular momentum, the subleading correction is also obtained. In both 
cases, the corrections depend on one more parameter $ or p. When $ = 0, the finite-size 
giant magnons energy-charge relations should be reproduced. It is true to the leading order. 
However, this is not the case, when we consider the subleading correction. Indeed, according 
to [IB] , in conformal gauge, it is given by 



Thus, only the terms containing coincide up to a sign. Similar discrepancy was observed 
in [22] too, where by using different approach, the authors found agreement with (16. li for 
the leading term oc J~i, but disagreement at the subleading in J\ orders. In (16. 2p . we have 
additional sign difference. At the moment, we do not know the reason, and can not explain 
why these three results are different. Obviously, this issue should be studied in more detail. 

The approach we used here, can be applied to find the finite-size effects on the disper- 
sion relations for different string configurations in AdS§ x S 5 (generalized spiky strings for 
example), as well as the finite-size effects in other backgrounds. In particular, this problem 
for dyonic giant magnons in the 7-deformed AdS^ x CP 3 is under investigation [26] . 
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;2 cos 2 PI e -4-2JicBC§ 



(6.1) 



while from (15. 3p we obtain 




?cos 2 ^| e - 4 - 2 ^ csc i 



(6.2) 
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A Elliptic Integrals, e-Expansions and Solutions for 
the Parameters 



The elliptic integrals appearing in the main text are given by 

nXp d_x 2 

= = : K(1 — e), 

Xm V (Xp ~ X){X ~ Xm)(X ~ Xn) VXp - Xn 

Xp Xdx 

y/(x P ~X)(X- Xm)(X ~ Xn) 



Xn 



yXp X't 



:K(l-e) + 2 v / Xp -XnE(l-e) 



Xp d\ 2 / v m . 

n(i- — 11 - e 



Xm X\J (Xp ~X)(X- Xm){x - Xn) Xp\/Xp ~ Xn V Xp 



Xm (1 - X) V (Xp ~X)(X- Xm)(X - Xn) 

U[- Xp ~ Xm \l-e 



(i - x P ) Vx~p~= Xn \ 1 Xp 



where 



Xm Xn 

e = . 



Xp Xn 

We use the following expansions for the complete elliptic integrals 
E(l- e ) = l-i(l + lDg(±)) e -l(l3 + 6tog(^ 



2 + 



e 2 + . 



2 v /narctan( v /n) - log (^) 2 - 4^ arctan( v /n) + (1 - n) log (y-) 
- e >- 2(1 + n) 8(1 + n) 2 6 

21 - 12n - 5n 2 - 48v^arctan(v^) + 3 (3 - (6 + n)n) log (^) 2 

128(1 + n) 3 

We use also the equality [28] 



n(i/|m) = — n(z/ 1 |m) K(rn) 



where 



» = )/( 1 -')( 1 -™). * = y(i-*)(i-£]. 

I/l — TO 

f = — , Z/i < 0, TO < ^ < 1. 

^1 — 1 
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For the parameters, we use the following expansions 

X P = X P o + (x P i + X P 2 log(e)) e + (x P 2 + X P 2i log(e) + x P 22 log 2 (e)) e 2 , 

Xm = Xmie + (Xm20 + Xm21 log(e)) £ 2 , 
Xn = XnlC + (Xn20 + Xn21 log(e)) e 2 , 

w = v + (vi + v 2 log(e)) e + (v 20 + v 2 i log(e) + v 22 log 2 (e)) e 2 , 
it = m + («i + w 2 log(e)) e + (m 20 + u 2 i log(e) + w 22 log 2 (e)) e 2 , 
W = l + W 1 e + (W 20 + W 21 log(e)) e 2 , 
K = K,e + (K 20 + K 21 log(e))e 2 . 



Considering the case of a string with two angular momenta, we neglect the terms propor- 
tional to e 2 , thus obtaining the leading correction to the dispersion relation only. To find 
the subleading correction for a string with one angular momentum, we set u = 0. 

The solutions for the parameters for the first case, J 2 7^ 0, are given by (A = 1) 

X P o = sin 2 (p/2), 



X P i 



Ji + Asm 2 (p/2) 



16( l 7 2 2 + 4sin 4 (p/2)) 
- (1 + log 16) (10+ (6 + J2 2 )cos2p-cos3p) 
+ Jl (log 16 - 7 + Jl (log 256 - 2))) sin 2 p) 

16 J2 sin $ sin 3 (p/2) cos(p/2) (5 + 2J 2 2 - 4 cos p - cos 2p) log 2 



(cos$ (cosp(l5 + 8.7 2 2 + 60 log 2) 



v / J 2 2 + 4sin 2 (p/2) 
1 



[sin(p/2) sinp (cos(p/2) (j 2 2 



Xp2 8 (J 2 + 4 sin 2 (p/2)) (J 2 + 4 sin 4 (p/2)) 
+2J 2 4 -10 + 15 cosp - (6 + J" 2 2 ) cos 2p + cos 3p) cos $ 

- J 2 ^J 2 + 4sm 2 (p/2) (5 + 2Jl - 4 cos p — cos 2p) sin(p/2) sin $ 

Xmi = sin 2 (p/2) cos 2 ($/2), 
Xni = -sin 2 (p/2)sin 2 ($/2), 
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smp 



sin 2 (p/2) 



16 {Ji + 4sin 2 (p/2)) 3/2 (Ji + 4sin 4 (p/2)) 
x [cos $ (2 (7 - 28 log 2 + 4J" 2 2 (log 128 - 3 + 2 J^ 2 (log 4 - 1))) ship 
+ 2 (28 log 2 - 7 - 2J" 2 2 (log 16 - 3)) sin 2p - 2 (log 4096 - 3 + J% log 16) sin 3p 



+ (log 16 - 1) sin 4p) + 2J 2 \JJi + 4 sin 2 (p/2) (14 - 32 log 2 + 4.7 2 2 + 2 cos 2p 

+ cosp (36 log 2 - 17 + 4J2 2 (log 16 - 1)) - cos 3p (log 16 - 1)) sin$] , 

sin 2 (p/2) 



v 2 



[(-10 + 6J" 2 2 +4j: 



8 {Ji + 4sin 2 (p/2)) 3/2 (Ji + 4sin 4 (p/2)) 
+ (15 — 4J7~ 2 2 ) cosp — 2 (3 + Ji) cos 2p + cos 3p) ship cos $ 



- J2JJ2 + 4sin 2 (p/2) (8 - (9 + 4j7 2 2 ) cosp + cos3p) sin $ 



M 



Jl 



V / J 2 2 + 4sin 2 (p/2) 

sin 3 (p/2) 



2 (Ji + 4sin 2 (p/2)) 3/2 (Ji + 4sin 4 (p/2)) 
cos 2p + 4 (-5 - 2 J" 2 2 + 4 cosp + COS 2p) log 2) sin(p/2) 



[j 2 cos $ (3 + 2 J" 2 2 - 4 cosp 



+ 4 cos(p/2) J J 2 2 + 4 sin 2 (p/2) (3 - 2j7 2 2 - 4 cosp + cos 2p) log 2 sin $ 

sin 2 (p/2) 



U-2 



2 (J 2 + 4sin 2 (p/2)) 3/2 (Ji + 4sin 4 (p/2)) 
1 



[j 2 (5 + 2Ji - 4 cosp - cos 2p) 



x sin 2 (p/2) cos$ - -\J J 2 + 4sin 2 (p/2) (3 - 2J" 2 2 - 4 cosp + cos 2p) sinp sin$ 



sin(p/2) cos $ + J 2 , c ° s(p/2) sin $ 
kki = — 4sm (p/2) 



l 7 2 + 4sin 4 (p/2) 



sin 4 (p/2) 



sin $. 



v / J 2 2 + 4sin 2 (p/2) 

In the equalities above, the angle $ is related to the angle p, defined in (13. 4ft . according 



A ~ , n + V / ^2 2 + 4sin 2 (p/2) . 

Ji + 4suT(p/2) 
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The solutions for the parameters for the second case, J7~2 = 0, are as follows 
X p0 = sin 2 |, x P i = ^cosp sin 2 p (1 + log 16) , x P 2 = ~ cosp sin 2 p, 

X P 20 = 777 [cos 3p (-1 + 8 log 2 (-1 + log 4 (-3 + log 16))) 
+32 log 2 (-1 - 4 log 2 2 + cos 2p (-1 + log 4) 2 + log 16 

+2 (2 cosp + cos2p (-1 + log4) 2 ) sin 2 p) + cosp (l + 16 (3 - log 16) log 2 2 + log 256 

+8 cos 2p(l + 8 log 2 2 (3 + log 16) + log 256) sin 2 p)] , 
1 

Xp21 



2 cos 2 - (5 - 8 cosp + cos 2p (1 - 12 log 2 (-1 + log 4)) 



128 L 2 

+2 cosp (—3 + log 16 + 4 cosp) + log 16 (—5 + log 64)) 

-4 cos2p (l + log 16 (-2 + log 8) + cosp (l + 12 log 2 2 + log 64)) sin 2 p] , 

X P 22 = 77^ sin 2 p [cos p (4 - 8 log 2 + cos 2p (2 + log 256)) - 2 (-5 + log 256) sin 2 p] , 
128 



2 P ■ 2P 

Xml = cos -sin -, 

Xm20 = -^-[3 + cos2p(-l + logl6(-l + log4)) + log4096 
64 

+8 log 2 2 (-1 + 4cos2p sin 2 + 4cosp(l + log 16) sin 2 p 

+2 cosp (-1 - log 16 + 2 cos 2p (l + 8 log 2 2 + log 16) sin 2 , 

Xm2i = —7 cos 2 - sin 2 - [1 + cosp cosp — (1 + cosp) (1 — cosp) log 16] , 



. 2P ■ 2P 

Xni = - sm - sm -, 

Xn2o = ~\ sin 2 I [1 + log 16 (log 4 + cosp (1 + log 4)) 

- cos 4 ^ (l + 16 log 2 2 + log 16) - (8 log 2 2 + cosp (l + 8 log 2 2 + log 16)) sin 2 ^ sin 2 ^ 

1 p p 

Xn2\ — — [1 — cosp cosp — (1 + cosp) (1 + cosp) log 16] sin 2 - sin 2 -, 
1 2 2 
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p 1 p p X p p 

vq = cos -, vi — — (1 — log 16) cosp cos - sin 2 -, v 2 = — cosp cos - sin 2 -, 

Z Z Z Z Z 

V20 = -L cos ^ [-37 + cos 2p (5 - 8 log 2(7 + log 16 (-5 + log 16))) 
512 2 

+8 log 2 (23 - 36 log 2 + log 2 16) + 4 (cos 2p (19 - 8 log 2 (13 + 8 log 2 (-3 + log 4))) 
-32 cosp (-1 + log 4)) sin 2 - 

+4 cos p (8 (-1 + log 4) 2 + cos2p (l - 128 log 3 2 + log 256) sin 2 |) , 

U21 = 7^7 cos ^ [-23 - 24 log 2 (-3 + log 4) + cos 2p (7 + 8 log 2 (-5 + log 64)) 
256 2 

+ 4 (8 cosp + cos 2p (13 + 48 (-1 + log 2) log 2)) sin 2 | 
+ 4 cosp (4 - 4 log 4 + cos 2p (-1 + 48 log 2 2) sin 2 

v 2 2 = — — cos - [12 + cos (p + 2p) + 8 (-2 + cos (p + 2p)) log 2 - 8cosp(-l + log 4) 
128 2 

+2 cos 2p (-5 + log 256) + cos (p - 2p) (1 + log 256)] sin 2 - , 

2 



■ui = - log 2 sinp sinp, u 2 = — ship sinp, 
2 8 

U20 = 77 sinp [(-1 + log 16) sinp 
16 

+ log4 ((-1 + log4) 2 + 2cosplog2((l + log 4)) sin2p] , 

u 2 i = — sinp [—2 sinp — (1 + log 16 (—2 + log 8) + 4cosplog2 (1 + log 8)) sin2p] , 
U22 = — [—2 + cosp + 4 (1 + cosp) log 2] sinp sin2p, 



W\ = — cosp sin -, 
z 

W 20 = 7?t [11- 16 cosp + log 16 (-7 + log 16) + cos 2p (l - 16 log 2 2 + log 4096) 
64 

- 4 cos 2p (1 + log 16 (-1 + log 16)) sin 2 | 

z 

+ 4 cosp ^—3 + 4 cosp + log 16 — cos 2p (3 + 16 log 2 2 + log 16) sin 2 ^ , 

W21 = — sin 2 - [5 + 3 cosp — cos 2p + cosp cos 2p — 16 (1 + cosp) log 2 sin 2 p] , 
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ill = - sin - snip, 
2 2 F ' 

] ^ 

jf 20 = - sin | ship [2 + 8 log 2 2 + log 16 + cosp (l + 8 log 2 2 + log 256) 

- cos 4 I (3 + log 2 16 + log 4096) 

- (1 + log 16 + log 2 16 + cosp (3 + log 2 16 + log 4096)) sin 2 ~ sin 2 | , 
-^21 = —7^ sin 3 - ship cosp [1 + log 256 + cosp (3 + log 256)] . 
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